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4 FOURTH- , FIFTH- AND SIXTH-ORDER ELASTIC CONSTANTS IN CRYSTALS 

The invariance property of the strain energy thus leads 
to a system of equations with the values of m and n 
given by: 

Trigonal: m= - t, n= V; or 

V3 
Hexagonal: m=t , n= T or 

V3 
m=t, n= -T 

V3 m=- t , n=- T 

Because of the invariance of 113 in equations (3), all 
the FOEC with an added index '3' satisfy the equa
tions (Al)-(AI0) for TOEC given by Hearmon (1953). 
Therefore, only five additional sets of equations are 
needed for the remaining FOEC not containing the 
index '3'. These equations (Bl)-(B5) are given in the 
Appendix. For the hexagonal system, all the terms in 
equations (B2) and (B4) are set to zero owing to the 
symmetry operations. 

The final results for FOEC calculated in this way 
for RI, RII, HI, and HII are given in Table 1. The 
column headings, reading from- top-t o- bottom, are (1) 
name of system (and its short form), (2) the Hermann
Mauguin and Schonfiies symbols of the classes, (3) the 
number of independent constants and (4) column num
ber. While the numerals in column (2) represent the 
FOEC in a triclinic system, they also serve as a list of 
all constants for other crystals whether they are inde
pendent or not. The independent ones in other crystal 
classes will be indicated by a bar and the dependent ones 
are expressed in terms of them. In this way, the indepen
dent number of FOEC for a Laue group is just the 
number of bars in that column. With the Table given 
by Ghate (1965) for Laue groups N, M , 0 , CI, and TI, 
the scheme for FOEC is now complete. The ratio R 
is defined as R= Cpqrs/ Cljklmnot (for FOEC), where pqrs 
and ijklmnot are single and double indices respectively. 
The sum of all values of R for nth order elastic con
stants should be 32n

• This can be used as a double 
check in preparing the Tables 1-3. 

The FOEC for an isotropic system can be obtained 
by combining the cubic system (CIl) with hexagonal 
system (HIl). The result gives the four independent 
constants as 1111, 1112, 1122, and 1123. The equations 
relating the different constants for an isotropic system 
agree with those given by Krishnamurty (1963). 

Calculations for FFOEC and SOEC 

The direct-inspection method employed here is the 
same as that used for second-, third-, and fourth-order 
constants (Fumi, 1951, 1952a, b, c, 1953; Hearmon, 
1953; Ghate, 1964, 1965). The results of FFOEC and 
SOEC are presented in Tables 2 and 3. These Tables 
are presented in the similar manner to Table 1. 

In principle the FFOEC and SOEC could be worked 
out for the other Laue groups as we did for FOEC in 
the previous section except for the formidable algebra 
involved. A computer should be ultilized for this 
lengthy calculation. 

To illustrate the use of this kind of table, we can 
write the terms of the elastic energy tPs for a cubic crys
tal. To do this, we first list the resulting 18 independent 
FFOEC and the equivalent coefficients in Table 4. 
From Table 4 the elastic energy tP5 for a cubic crystal 
can then be written. The result is the sum of all the 
terms given in Table 5 divided by 5!. This expression 
has many more terms than of the lower order. The 
terms in tP4 and tP6 of other crystals can be worked out 
in the same way. 

Applications 

With the continuing improvement of the experimental 
accuracy in velocity measurement and the development 
of the method of shock waves (Graham, 1972), the 
determination of higher-order elastic constants ~ 
comes possible for all types of crystals. The contribu
tion of higher-order terms in the experiments involv-

Table 2. Fifth-order elastic constants (FFOEC) 
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